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A regression model under Z-information has developed in the paper. The initial information for constructing
the model is linguistic Z-numbers, defined on the unit segment. For a Z-number, an interval type-2 fuzzy
number is defined, using aggregating characteristics of reliability (second component of Z-number). To do
this, the aggregating segment of reliability and its middle are use. In the paper was made a choice in favor of
transforming Z-numbers into type-2 fuzzy numbers, since Z-numbers are closer in structure to them than to
type-1 fuzzy numbers, which, however, are most often used to transform Z-numbers and construct different
models. Input and output interval type-2 fuzzy numbers are determined for the initial Z-numbers. The opti-
mization function is defined as the sum of squares for the differences between parameters of output type-2
fuzzy numbers and the model type-2 fuzzy numbers. To determine the unknown regression coefficients, the
minimum of the optimization function was found using known methods. Reliability recognition of model

output information has developed.

1 INTRODUCTION

Quantitative and qualitative characteristics are used
to assess the green infrastructure of cities. For exam-
ple, the height of a tree or the leaf area of a tree are
quantitative characteristics, while the state of plants
or satisfaction with a green area are qualitative char-
acteristics. It is quite difficult to analyze qualitative
characteristics and predict their values, since arithme-
tic operations for their values are not defined.

If the values of qualitative characteristics are esti-
mated with a certain level of reliability, then the tasks
of their analysis and prediction become even more
complicated. For example, when assessing the state
of green spaces, even an experienced expert cannot be
absolutely sure of the reliability of his data, and there-
fore provides not only his assessment - "No signs of
weakness", but also the reliability of this assessment
- "Very likely". To analyze and predict data with
fuzzy estimates of the values of qualitative character-
istics, as well as with fuzzy reliability of these esti-
mates, a special mathematical apparatus based on re-
gression analysis and Z-numbers is required.
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Regression analysis plays a key role in the analysis
of relationships between input and output qualitative
information, as well as in prediction problems. This
analysis is especially important when processing Z-
information (information with Z-numbers or infor-
mation in which fuzzy data is presented with a certain
level of reliability) (Zadeh, 2011).

To be able to analyze Z-information, arithmetic
operations have been developed (Zadeh, 2012; Kang,
Wei, Li, Deng, 2012;Kang, Wei, Li, Deng, 2012; Al-
iev, Alizadeh, Huseynov, 2015; Aliev, Huseynov,
Zeinalova, 2016; Aliev, Huseynov, Aliyeva, 2015)
and Z-numbers have been used to formalize expert
reasoning (Yager, 2012). Distances between Z-num-
bers and ways to rank them have been determined
(Wang, Mao, 2019; Poleshchuk, 2019; Aliyev, Talal
Mraizid, Huseynov, 2015; Aliyev, 2015). Methods
for solving applied decision-making problems under
Z-information have been developed (Kang, Wei, Li,
Deng, 2012; Wang, Mao, 2019; Poleshchuk, 2019;
Aliyev, Talal Mraizid, Huseynov, 2015; Poleshchuk,
2023).

Regression models were urgently needed to predict
and study dependencies in the context of Z-infor-
mation. The first models appeared in works



(Sadikoglu,  Huseynov, © Memmedova, 2016;
Zeinalova, Huseynov, Sharghi, 2017), which were
built on the basis of operations with Z-numbers and
probability distributions of random variables. The op-
timization problem for finding the unknown coeffi-
cients (ordinary numbers) of the regression model
was posed using the Jaccard measure.

The problem was that in defining the Z-number,
Professor Lotfi Zadeh did not limit the Z-number to
considering only the probability distributions of ran-
dom variables in determining the reliability of its first
component. Therefore, this limitation was supposed
to be removed so that it would be possible to use a
regression model for any Z-information without lim-
itation.

This limitation was removed in (Poleshchuk,
2021), where a linear regression model with fuzzy co-
efficients was developed. The author has moved away
from direct operation with Z-numbers (which is al-
ways quite difficult) and has defined aggregating seg-
ments for the input and output information repre-
sented by Z-numbers. With the help of these aggre-
gating segments, operations on Z-numbers and dis-
tances between them were determined, an optimiza-
tion problem was posed and solved, and output Z-
numbers were recognized.

The next regression model under Z-information
was nonlinear regression with crisp coefficients, de-
veloped in (Poleshchuk, 2022). For its development,
the basics of the paper (Poleshchuk, 2021) were used.

Both models of papers (Poleshchuk, 2021; Polesh-
chuk, 2022) were based on a single approach to the
step-by-step transformation of both components of Z-
numbers into aggregation segments with subsequent
operation on them, and on a single approach to the
formulation of optimization problems. Therefore, the
question arose of developing a model based on a dif-
ferent approach to the presentation of initial data and
the formulation of an optimization problem for the
purpose of comparative analysis and the selection of
the best model for solving practical problems.

In (Poleshchuk, 2023), a linear regression model
under Z-information with coefficients in the form of
fuzzy triangular numbers was constructed. In the pa-
per, it was defined the loss function for the difference
between the initial output Z-number and the model
output Z-number. The optimization problem was
solved from the minimum condition of the sum of loss

functions for the differences between the initial out-
put Z-numbers and the model output Z-numbers. The
solution of the optimization problem was reduced to
the solution of the well-known linear programming
problem.

If you look deeper, then one way or another, when
constructing regression models, there is a transfor-
mation from Z-numbers to type-1 fuzzy numbers (or-
dinary fuzzy numbers). However, Z-numbers in their
essence and structure are closer to type-2 fuzzy num-
bers, as evidenced by studies, for example, in the pa-
per (Aliev, Guirimov, 2018).

Based on this, when constructing a regression
model and using type-2 fuzzy numbers that are closer
to Z-numbers compared to type-1 fuzzy numbers, we
should expect to retain more information about the in-
itial information and improve the quality of the
model. Therefore, this paper aims to develop a regres-
sion model under Z-information using the relation-
ships between Z-numbers and type-2 fuzzy numbers,
described and proven in the paper (Aliev, Kreinovich,
2017).

Section 2 of the paper gives the basic concepts and
definitions. Section 3 proposes a regression model
under Z-information. Section 4 gives conclusions.

2 BASIC CONCEPTS AND
DEFINITIONS

Consider a trapezoidal type-1 fuzzy number A =
(a1, az,a,, ag):

x—aq+a
!%,al—(h <x<a,a =0,
L

A la, <x<a,
ka2+aR—x

- ,a, <x < a, +ag,ag = 0.
R

Then a -cut of A is A,, such that:
A, ={x € R:puy(x) = a}
=la-(1-a)a,a
+ (1 —a)ag],a € [0,1].
In (Domrachev, Poleshuk, 2003), based on A, an
aggregating segment [8;, B,] for fuzzy number

A = (aq,a,,a;,ag) is determined:
1
2 —(1—a)a
B = I%Zada =q —gaL,
0
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In (Poleshchuk, 2023), a weighted point S for a

fuzzy number A4 = (ay, ay, a;, ag) according to (1) is
determined as follows:

_ B1tB2 _ aytap; | agr—qp
b= 2 2 + 12 ° @)

A linguistic variable X with terms T(X) =
X, 1=1,m} is called a collection
{X,T(X),U,V,S}. Term names X;,I = 1, m are deter-
mined by the rule V and the corresponding fuzzy sets
of U for fuzzy variables X Ll = 1, m are determined
by the rule S (Zadeh, 1975).

The construction of linguistic variables with the
properties described in (Ryjov, 1994) is described in
detail in (Poleshchuk, 2018).

An interval type-2 fuzzy number (IT2 FS) 4 is de-
fined by lower fuzzy number (LFN) A=
(ak, a5, ak, ak) and upper fuzzy number (UFN) 4 =
(@¥,d¥,a?, a¥) (Liu,Mendel, 2009).

In the paper (Poleshchuk, Komarov, 2012) for
LFN A = (a}, dk, at, ak) and UFN A=
(a¥,ay,a?,a¥) 1T2 FS A are defined respectively
aggregating segments [BE, BE1,
[BY, BY] in accordance with (1). For two IT2 FSs
A, B with aggregating segments  [BE, BL],
[BY,BY1,[6%,6%1, [67,8Y] the distance d(4, B) is
defined in the same paper:

d(4,B) =
JBE=68D2 + (B}

Z-number is defined in (Zadeh, 2011) as a pair
Z = (C,R), where C, R are fuzzy numbers and R is
reliability of C .

A Z-number whose components are the values of
linguistic variables is called a linguistic Z-number
(Ding, Zhu, Lu, Wang, Feng, 2020).

In (Poleshchuk, 2023), a weighted fuzzy number
A for the Znumber Z=(4R) A=
(al,az,aL, aR) R = (ry, 1,1, 7%) is determined as
follows: = (ya,,yay ya,,yag), where y=

rl_;rrz BT TL ,¥ > 0 is a weighted point for the fuzzy

number R = (1, 1,1, 1R)-

-8+ (B — 60+ (B - 62 (3)

3 PROBLEM FORMULATION
AND SOLUTION

Let's denote the initial input data withZ;; =
(X”,Rl]) i=1,m,j=1,n and the initial output
data with Z] = (Y, R]),] = 7, X” =

(xl],xlj,xl],xl]) i=1m,j=1,n,

(ywyj Yy '3’1 ) j=1n,_ Ry=(hri ),
(r 2,7 R)l—lm]—ln

The 1n1t1a1 Z numbers are linguistic Z-numbers
with universal sets U=[0,1]. This means that the first
components of Z-numbers are formalizations of lin-
guistic scales used to assess the input qualitative char-
acteristics X;, i = 1,mu and the output qualitative
characteristic Y.

Each of fuzzy number ﬁij, ﬁj,i =1m,j=1n
equals to one of value R,,v = 1,V a linguistic varia-
ble «Reliability».

Let construct a regression model in the form:

o amZm' (4)

Noatl

Z = a1Z1 + azzz +

Where q;,i = L_m-crisp numbers.

Using the relationship between Z-numbers and
type-2 fuzzy numbers (T2 FNs), described and
proven in the paper (Aliev, Kreinovich, 2017), we
transform Z-number Z=(4R), A=
(ay,a5,a;,ag), R = (ry,15,1,,7%) into IT2 FN A,
defined by LFN A = (al, Bitba o0 ay, Bl Lz ) and

UFN A = (BlallaZJ .Blab aR) where [:81! ,82] an ~ag'
gregating segment for fuzzy number R =
(ry, 13,17, 18) (reliability for A = (ay, a,, a;, ag)).

In the paper (Poleshchuk, 2023), Z-number Z =
(A,ﬁ), A = (allaZJaLJ aR)! ﬁ = (Tl'rZ!TL!rR)
transformed into ordinary fuzzy number A =
([”1‘;[{2 al'ﬁr;'ﬁz az'ﬁr;'ﬁz a, l;r;'ﬁz aR)-

As ﬁﬁ@q,@ <1,0<B, <1,0<B, <
1, B, > B4, then the values of the membership func-
tion of the number A =

(Batbeg, Brrbeg, Brtfeg Bitfe ) belong to the

values of the membership function of the number A ,
defined by LFN A = (al,ﬁ“ﬁz az,aL,Blzﬁ2 R) and

UFNA = (Braq, az, Bray, ag).




Thus, the representation of the Z-number Z =
(A,ﬁ), A = (al, az, aL, aR), ﬁ = (T‘l,T‘Z,T‘L,TR) in
the paper (Poleshchuk, 2023) as an ordinary fuzzy
number A=
(Bl;rﬁz al,ﬁl;'ﬁz a aR) can be con-
sidered as a special case of representing the Z-number
B Buze IT2 FN A , defined by LFN A=

(al,ﬁl;rﬁ2 az,aL,ﬁl;rﬁ2 aR) UFNA =

(Braq, az, Bray, ag).
Define 1T2 FNs X;

XU and UFN XU for
(XU,RU) i=1m,j=1n,
(x”,x”,x”,x j
(rl],r”,rl],r )i= 1,m,j =1,n:

B1tPB2
27 2 aL!

B1+B2
2

and

;i =1,m,j =1n with LFN

input  Z-numbers  Z;; =

(B I.]’ I.]’ X”,X (5)
where [[fu,ﬁu] are aggregating segments for fuzzy
numbers R;; = (rl],rl],r”,r )i=Tmj=1n

Define I1T2 FNs ],] =1,n with LFN
Y;and UFNY, for  output  Z-numbers Z; =
@.8)) =17 = (2 vk v R =

(rJ’J’J’J)'
= Bi+B? B}+B% =
X <yj1’ 12 JyJZ,yIL, 12 LyR ):Yj:

(Biyi v, JyJ’yJ) (6)
where [B], B/] are aggregating segments for fuzzy
numbers R; = (r!, 7%, 1", 7F),j =T n.

Define IT2 FNs YMj,] =1,n f with LFN

?M and UFN '%Yv'—M] for the model output Z-numbers
Z = Zl VA

M;

ij,J = 1,n, using (5):

%

1 2

m 1 ym Bij+Bij 2 m
(Zi=1 Qi Xijs i=1 4= Xij»
a;>0,i=1m,j=1n

YM] =

m 2 m 1..L

(ZL 14 l]' 1 AiXjj s Rim1 G .Bijxij' i=1 4 x}
,al<0,l—1,m,]=1 n

In general,

llalxl]’ =14

m
@ Bij*+Bi xiR}'>' + ()’,'2 _ z aixlgji>

Ysz
ijthi i My,
<ZL 1a1x51, i=1 lﬁjzﬁj gjl' :nlalx”p: ?;1 iT 5
L ji=1n,
YM}
m
(Zalﬁu LJ Zax” ‘Zal'BU ij 'Z a;x L']'qL)'j
i=1
=1,n,
where
_(1L,a;>0 _(La<o0
i_{Z,ai<O’ Qi_{z,ai>o'
_(Lp =1 qu—l
_{R,pi=2’ i {R q=2"
=1,m.

The optimization problem for finding the unknown
coefficients ¢; < 0,i = 1,m is following'

F(aq,ay, ..., an, =Z (y] Za, )

i=1

2

Function F (a4, a,, ..., @, )is piecewise differen-

- - - l
tiable function since Y,/%; a; xlpj ,

1 2
Bij+hij Mqi
i

)



Z ﬁlj+ﬁ11 qt Z

nia; ﬁiljxgpl, mLia xlIJVI are piecewise linear
functions. Unknown coefficients a4, a,, ..., a,, are
found according to the method (Coleman, Li, 1996).

The first component of the model output Z -num-
ber is found using a regression model into which the
first component of the input Z -number is substituted.
To determine the reliability of the resulting fuzzy
number (to determine the second component of the
model output Z -number), it is necessary to compare

IT2 FN Yu = (ui, ug, uf, up), Yu =
@Y, uy¥,ul,ul), into which the model Z -number is
transformed, and IT2 FNs Y, = (uk,, ub,, uk,, uk,),

Y, = @Y, ud,,uY,u¥,), v=1,V,into which Z -
numbers are transformed, the first component of
which is the first component of the model Z -number,
and the second components are the formalization
R,,v =1,V of the values of a linguistic variable with
name —«Reliability». If

2 2 2
(uf —utp)” + (wg —ubp)” + (uf —upy)
2 2
+ (ulL? - uép) + (ui’ - ui]p)
2 2
+ (uf - ugp) + (uf - ugp)
2
+ (uf —uf)
= m%(u% - u%v)z + (ué - u%v)z
v=1,
+ (ui - uiv)z + (uﬁ - uf?v)z
+ (uij - ui]v)z + (uéj - ugv)z
+ (ull,J - ull,]v)2 + (ug - ugv)zt
then the reliability of the second component of the
model output Z -number is fuzzy number R, and ac-
cordingly p-th term of linguistic variable «Reliabil-
ity».

4 CONCLUSIONS

To conduct environmental monitoring of cities, assess
the qualitative characteristics of the state of green
spaces and ecosystem services of urban green areas,
experts are involved, for whom it is natural to use
words and phrases of professional language that in-
troduce fuzziness into the information coming from
them. Since the most experienced expert cannot be
absolutely sure of his estimates, it is necessary to take
into account the reliability of these estimates when

m

m
ﬁl} +ﬁl] qL qL
Xij o lﬁl] lJ QiXyjo

i=1 i=1

analyzing and predicting them. As a result, we receive
information with fuzzy estimates and fuzzy reliability
of these estimates, which must be analyzed and pre-
dicted in order to develop timely control actions.

For this purpose, the paper has developed a regres-
sion model, the input and output information of which
are Z-numbers. The proven property of proximity of
the structures Z -numbers and type-2 fuzzy numbers
was used in the construction. Input and output interval
type-2 fuzzy numbers are determined for the initial Z-
numbers. The optimization function is defined as the
sum of squares for the differences between parame-
ters of output type-2 fuzzy numbers and the model
type-2 fuzzy numbers.

To predict the output information, a model has
been developed for recognizing its reliability and pre-
senting it as the value of the scale used to evaluate it.

The Z-regression developed in the paper opens up
new opportunities for the analysis and predicting of
qualitative information, taking into account its relia-
bility in monitoring the environmental state of cities
for the development of timely control actions.

REFERENCES

Zadeh, L. A., 2011. A Note on Z-numbers. Inform. Sci.
14(181), 2923-2932.

Zadeh, L. A., 2012. Methods and Systems for Applications
with Z-Numbers United States Patent, Patent No.: US
8,311,973 B1.

Kang, B., Wei, D., Li, Y., Deng, Y., 2012. Decision making
using Z-numbers under uncertain environment. J. In-
form. Comput. Sci. 7(8), 2807-2814.

Kang, B.,Wei, D.,Li,Y., Deng, Y., 2012. A method of con-
verting Z-number to classical fuzzy number. J. Inform.
Comput. Sci. 9(3), 703-7009.

Aliev, R.A., Alizadeh, A.V., Huseynov, O.H., 2015. The
arithmetic of discrete Z-numbers. Inform. Sci. 1(290),
134-155.

Aliev, R.A., Huseynov, O.H., Zeinalova, L.M., 2016. The
arithmetic of continuous Z-numbers. Inform. Sci. 373,
441-460.

Aliev, R.K., Huseynov, O.H., Aliyeva, K.R., 2015. Aggre-
gation of an expert group opinion under Z-information.
In: Proceedings of the Eighth International Conference
on Soft Computing, Computing with Words and Per-
ceptions in System Analysis, Decision and Control,
(ICSCW-2015), pp. 115-124, Kaufering: b-Quadrat
Verlag, Germany.

Yager, R. R., 2012. On Z-valuations using Zadeh's Z-num-
bers. Int. J. Intell. Syst. 3(27), 259-278.



Wang, F., Mao, J.: Approach to multicriteria group decision
making with Z-numbers based on Topsis and Power
Aggregation Operators. Mat. Probl. Eng. 1-18 (2019).
doi.org/10.1155/2019/3014387

Poleshchuk, O. M., 2019. Novel approach to multicriteria
decision making under Z-information. In: Proceedings
of the International Russian Automation Conference,
(RusAutoCon-2019), p. 8867607, Sochi, Russia.

Aliyev, R.R., Talal Mraizid, D. A., Huseynov, O.H., 2015.
Expected utility based decision making under Z- infor-
mation and its application. Comput. Intell. Neurosci. 3,
364512.

Aliyev, R.R., 2015. Similarity based multi-attribute deci-
sion making under Z-information. In: Proceedings of
the Eighth International Conference on Soft Compu-
ting, Computing with Words and Perceptions in System
Analysis, Decision and Control, (ICSCW-2015), pp.
33-39, Kaufering: b-Quadrat Verlag, Germany.

Aliev, R.A., Zeinalova, L. M., 2013. Decision-making un-
der Z-information. Human-centric decision-making
models for social sciences, 233-252.

Poleshchuk, O., 2023. Multi-criteria analysis of the objects
state under Z- information. Stud. Fuzziness Soft Com-
put. 422, 271-278.

Sadikoglu, F, Huseynov, O, Memmedova, K., 2016. Z-Re-
gression analysis in psychological and educational re-
searches. Procedia Comput. Sci. 102, 385 — 389.

Zeinalova, L.M, Huseynov, O.H, Sharghi, P., 2017.A Z-
Number Valued Regression Model and its Application.
Intell. Autom. Soft Co. 24, 187-192.

Poleshchuk, O.M., 2021. Multiple Z-Regression with
Fuzzy Coefficients. Adv. Intell. Syst. Comput, 1306,
63-70.

Poleshchuk, O. M., 2022. A Predictive Nonlinear Regres-
sion Model under Initial Z-Information. LNEE, 857,
383-392.

Poleshchuk, O., 2023. Quintile multiple regression with
fuzzy coefficients and initial Z-information. E3S Web
of Conferences, 431,05015.

Aliev, R, Guirimov, B., 2018. Z-Number Clustering Based
on General Type-2 Fuzzy Sets. In: Proceedings of the
13th International Conference on Theory and Applica-
tion of Fuzzy Systems and Soft Computing, (ICAFS-
2018), p. 04164, Kaufering: b-Quadrat Verlag, Ger-
many.

Aliev, R, Kreinovich, V., 2017. Z-Numbers and Type-2
Fuzzy Sets: A Representation Result. Intelligent Auto-
mation and Soft Computing, 24(1), 205-210.

Domrachev, V.G., Poleshuk, O.M., 2003. A regression
model for fuzzy initial data. Automat. Rem. Contr+. 64
(11), 1715 — 1724

Zadeh, L.A., 1975. The Concept of a linguistic variable and
its application to approximate reasoning. Inform. Sci. 8,
199-249.

Ryjov, A.P., 1994. The Concept of a Full Orthogonal Se-
mantic Scope and the Measuring of Semantic Uncer-

tainty. In: Proceedings of the Fifth International Con-
ference Information Processing and Management of
Uncertainty in Knowledge-Based Systems, (IPMU-
1994), pp. 33-34, IEEE, Iran.

Poleshchuk, O.M., 2018. Creation of linguistic scales for
expert evaluation of parameters of complex objects
based on semantic scopes. In: Proceedings of the Inter-
national Russian Automation Conference, (RusAuto-
Con —2018), p. 8501686, IEEE, Sochi, Russia.

Liu, F., Mendel, J.M., 2009. Encoding words into interval
Type-2 fuzzy sets using an interval approach. IEEE
Tranns. Fuzzy Systems, 16(6), 1503-1521.

Poleshchuk, O., Komarov, E., 2012. A fuzzy linear regres-
sion model for interval type-2 fuzzy sets. In: Proceed-
ings of Annual Conference of the North American
Fuzzy Information Processing Society (NAFIPS2012),
p. 6290970, IEEE, Berkeley, California, USA.

Ding, X-F., Zhu, L-X., Lu, M-S., Wang, Q., Feng, Y-Q.,
2020. A Novel Linguistic Z -Number QUALIFLEX
Method and Its Application to Large Group Emergency
Decision Making. Scientific Programming, 10, 1-12.

Coleman, T. F., Li, Y., 1996. A reflective newton method
for minimizing a quadratic function subject to bounds
on some of the variables. SIAM J. Optim. 6, 1040-1058.


https://doi.org/10.1155/2019/3014387
https://www.scilit.net/journal/1686489
https://www.e3s-conferences.org/articles/e3sconf/abs/2023/68/e3sconf_itse2023_05015/e3sconf_itse2023_05015.html
https://www.e3s-conferences.org/articles/e3sconf/abs/2023/68/e3sconf_itse2023_05015/e3sconf_itse2023_05015.html

