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We consider a class of models in which the constraint equations are described by multilinear functions. To
describe this class of models, we use the matrix form for describing a multilinear model, previously introduced
by the authors. We introduce the concept of a universal description of a multilinear model. This allows non-
programmers to quickly perform structural modifications to multilinear models using an on-screen editor.
Within the framework of the constructed formalism, the problem of embedding the set of admissible
coordinate values of a multilinear model into a linear polyhedron is solved. This allows for obtaining upper
bounds for the criteria of multilinear optimization problems. The inverse problem of embedding a linear
polyhedron into the set of admissible coordinates of a multilinear model is also considered. If it is possible to
embed a linear polyhedron into the admissible set of a multilinear problem, this makes it possible to use linear
programming algorithms to solve such problems. The latter have undeniable advantages over multilinear

programming algorithms. The obtained results are illustrated with examples.

1 INTRODUCTION

Models described by multilinear functions are used in
various subject areas (Shapot, Malakhov, 2018;
Ereshko, 2024; Lukatskii, Malakhov, 2020).
Problems of describing a set of multilinear models in
unified terms often arise (Cherkashin, 2025). The
main method for studying multilinear models is the
generalized relaxation method (GRM) (Lukatskii,
Shapot, 2001). An implementation of GRM is
available in the CREATOR-DIGGER software
package (Karbovskii, 2014). For digitalizing the
process of working with a family of multilinear
models, a matrix representation proves convenient
(Lukatskii, 2021). Here, tasks often arise involving
rapid transitions from one model to another within a
given family of models (Cherkashin, 2025). In this
case, the advantage of a matrix description is its
versatility, allowing an entire family of multilinear
models to be represented within a single table.

With matrix representation, the user works with a
table of a given structure in an on-screen editor, and
the necessary data is entered and edited within this
single table. The user can modify the description of

the multilinear model, not only adjusting its
parameters but also switching to a new model within
a given family (Lukatskii, Dubinyn, 2025).

2 NORMALIZATION OF THE
TABULAR REPRESENTATION
OF AMULTILINEAR MODEL

The form of representation of the MP problem is a
summary table 7, the structure of which is described
(Lukatskii, 2021). Here we assume that for each
variable of the model there are two-sided range
constraints. Applying the shift and scaling
transformations, we reduce the range constraints to a
normalized form:
0<w, <1,1<k<n (1)
After the corresponding recalculation of the
coefficients and free members, the system of
constraints of the MP problem and the criterion has the
form. Multilinear constraints:
pol, = al *xmon; + -+ al*mon, + ¢, =0,
1<l<m,

2)

'http://orcid.org/0009-0009-9911-0130.
*http://orcid.org/0000-0003-0892-6636.
3http://orcid.org/0009-0007-0405-999X

160



Criterion:
obj = a; * mon, + - + a, * mon, + ¢ » max. (3)

The system of constraints (1-3) defines the MP*
problem. Let us call it normalized. It can be associated
with the linear programming problem LP*, the
variables of which are the symbols of the monomials
of the multilinear MP* problem.

mon, ..., mon; “4)
with range restrictions on these variables
0<mon; <1, 1<I<t, (5)

constraints (2) and criterion (3), in which the symbols
(4) mom, ..., mon, are considered as independent
variables. The solution set of this LP* problem (2-5)
is a t-dimensional convex polyhedron in the space R,
denoted by Simp'.
In addition, it is possible to introduce a subset in
Rt consisting of the coordinates of the values of the
monomials {mon, k=1,...,t} which are admissible
for the multilinear problem MP* (1-3), we denote it by
Mult".
Statement 1.
We have
Mult' c Simp". (6)
It follows from the property that any solution of the
multilinear problem MP* (1-3) determines a set of
values of monomials  {mony, ,k=1,...,t}, which give
a solution to the linear programming problem LP* (2-
5).
Example 1.
Let there be a 3-dimensional space R3 with
coordinates (x, y, z) and a hypersurface is defined by a
multilinear constraint:
pol —xy—xz—yz+1 >0,
0=x<20<y<20<z<?2 @)
It is required to immerse a hypersurface into a
simplex.

Solution.
Let us bring the multilinear system (7) to a normalized

form. Let us make a change of variables:
u=2,v=2w=72,
2 2 2
We obtain a normalized form of the hypersurface

equation:

—@uw)(2v) - -2w(2w) - —(2v)(2w)
+1=
—4uv — 4uw — 4vw + 1.
We get simplex (Kostrikin, Manin, 1986) in R?
—4mon,; — 4mon, —4mon; +1 >0,
0<mon; <1,0<mon, £1,0<mon; <1. (8)

pol
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Note that Statement 1 is applicable to a whole set
of multilinear models that differ in the scales of the
monomials appearing in formulas (4). The following
general statement is valid here. Let specific formulas
be chosen for the monomials of the multilinear
problem MP,* mon®,, ..., mon®; and let us denote
the set of admissible values of this multilinear problem
by Mult".,

Remark 1.
For any a we have
Mult'-? c Simp'.
Example 2.

Let there be a 3-dimensional space R® with
coordinates (x,y,z) and a hypersurface is defined by a
multilinear constraint:

pol —xyz—z—y+1 =0,
0=sx=<20=<y<20<z<?2 (10)

It is required to immerse a hypersurface in a

simplex.

€

Solution.
Let us normalize the multilinear system (7). Let us

make a change of variables:

z
Zw=Z,

(1D
Using (11), we obtain a normalized form of the
hypersurface equation.
pol = —uw)2v)2w) — 2w) —2v)+1=
—8uvw - 2w —-2v +1
We immerse the normalized hypersurface into a
simplex in R3.
—8mon,; — 2mon, —2mon; +1 >0,
0<mon, <1,0<mon,<1,0<
monz < 1.

X
u==,v=
2

(12)

3 CONSTRUCTION OF THE
COVERING OF THE
MULTILINEAR MODEL

Definition 1.

The linear programming problem LP* is a
covering for the multilinear programming problem
MP* if

1. The number of variables in the LP* problem
coincides with the number of monomials in the MP*
problem.

2. All variables in both the LP* problem and the
MP* problem are standardized, i.e. they change in the
range [0,1].

3. The number of constraints in the LP* and MP*
problems coincide, and in each constraint the
coefficients and the free term of the corresponding
rows in LP* and MP* coincide.



4. For problems with criteria, the coefficients and
the free term in the criteria in LP* and MP* coincide.

Note that the number of variables in the LP* and
MP* problems may differ.

Statement 2.

Under the conditions of Remark 1, the linear
programming problem LP* is a covering for each
multilinear problem from the family MPa*.

The usefulness of the covering construction
follows from the following facts.

Corollary 1.

Let the linear programming problem LP* be a
covering for each multilinear problem MP*. Then

From the inconsistency of the linear programming
problem LP* follows the inconsistency of the
multilinear programming problem MP*.

For problems with a criterion, we denote the
minimum and maximum of the criterion of the linear
problem LP* by LIN,,;, and, LIN,, respectively.
Then for the criterion Obj of the multilinear problem
the following estimate is valid:

LIN,;, < Obj < LIN, 4y

(13)

The proof follows from the inclusion relation
between the admissibility sets for the multilinear and
linear problems (9). Here it is necessary to take into
account that the admissibility set of the linear problem
consists of sets of admissible values of its variables
directly. At the same time, the admissibility set of the
multilinear problem consists of the set of values of its
variables indirectly, that is, of such values of the
variables of the multilinear model that give an
admissible set of values of the monomials
participating in the formation of the multilinear
functions.

4 EXAMPLE OF COVERING

The usefulness of the covering construction follows
from the fact that for a linear programming problem it
is possible to find the absolute maximum and
minimum of the criterion accurately and quickly using
modern means, which in turn allows one to obtain a
rational estimate of the absolute maximum and
minimum of the criterion of the multilinear problem
associated with it according to the covering
construction. If we take into account that the
procedure for finding the optimum of a multilinear
criterion, in the general case, is a problem of nonlinear
and nonconvex optimization, then finding the absolute
maximum and minimum of the criterion in this case
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can present serious difficulties (Pevneva, Kalinkina,
2020).

Example 3.

Let there be a 3-dimensional space R® with
coordinates (x, y, z) and a MP problem with a
maximizing criterion:

pol =xy+xz+yz—1 =0,
0=x<10<y=<10=<z<1 (14)
obj =xy—xz—yz - max
It is required to construct a linear
programming problem LP, which is a covering for this
PP problem.
Solution.
We have

mon, + mon, + monz —1 >0,
0<mon, <£1,0<mon, <1,0<
mons < 1. (15)
lin = mon, —mon, —mon; - max

The LP problem (15) gives the maximum of the
criterion lin=1 , when mon, = 1,mon, =
0, mon3;=0. For the MP problem (13), we obtain such
a criterion value when x=1, y=1, z = 0. Since the LP
problem gives an upper bound on the maximum of the
MP problem criterion, this will be the absolute

maximum of the MP problem (14).

5 MONITORING THE
OPERATION OF A FAMILY OF
MULTILINEAR MODELS

Definition 2.
We will call the tabular representation of a
multilinear model

e universal if the columns of the table contain
all monomials for a given set of variables;

e universal of degree £ if the columns of the
table contain all monomials of degree from
1 to & for a given set of variables.

Remark 2.

1. In the wuniversal representation of a
multilinear model with n variables, there are
2™ columns, including the column of
constant terms.

2. In the wuniversal
multilinear model
of degree 2 with n variables, there are

n(n+1)

representation of a

+ 1 columns.
Example 4.

Table 1: Universal description of the multilinear
model.



mo mo mo mo mons mo mo free
ny n; n3 ny . Ne n; term
wi 1 0 0 1 1 0 1
Wy 0 1 0 1 0 1 1
w3 0 0 1 0 1 1 1
Pol 0 0 -2 -2 0 0 -8 1
Obj 0 0 0 0 0 0 8 0

Let us present a table giving a universal description of
the multilinear model of degree 2 from Example 3.

Example 5.

Table 2. Universal description of the bilinear model.

mo | mo | mo | mo | mons. mong | free
ny n n3 ny term

Wi 1 0 0 1 1 0

w, |0 1 0 1 0 1

ws; | 0 0 1 0 1 1

Po | O 0 0 1 1 1 -1

/

Ob |0 0 0 1 -1 -1 0

J

6 USING LINEAR MODELS TO
SOLVE MULTILINEAR MODEL

Here we can highlight a new situation in comparison
with that described in (Lukatskii, Dubynin, 2024),
where the reconstruction of a multilinear model into
a linear model allows us to obtain not only an
estimate, but also an exact solution.

Theorem 1.

Let there be a n-dimensional space R" with
coordinates (x1,x2, ... ,x,) and a problem MP* of the
form (2-4) with a maximizing criterion, in which the
list of monomials has the form:

X1X2,X2X3 5 eev s Xl Xn (16)

Following (5), we construct the LP* problem from
the MP* problem with variables (vi,v2, ... ,va1). We
add an additional constraint to the LP* problem.

VIZVa,Z .2 Vel (17)

Let us denote the resulting new problem by LP**.

Then, if the linear problem LP** is consistent, then
for any solution of LP** it is possible to construct a
solution of the original multilinear problem MP*. In
particular, the multilinear problem is also consistent.

Proof. In the LP** problem there are n-1
variables, we denote their values in the solution by

(V1) ) Vp_q)-

It is required to construct from it a set of
coordinates (xy, ..., X, ) of the space R", satisfying the
conditions
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X1 X2= V1, X2X3=V2, ... y Xpn-1 Xn=Vp-1
0<x;<1,i=1, ..., n-1.
(18)
Letussetx; = 1,x, = v,
Next, from (18) we obtain

X3 =2, X, =V X2
3 = vy ) 4 — V1 vy
By induction on # it is easy to prove that
U2 Vg V2n
X ==X=X..X— 19
2n+1 vy v3 Van—1 ( )
X - ><173><175>< XV2n+1
2n+2 — V1 - _—
Uy Uy Van

We will carry out the process of assigning
variables until we reach

v, =0.

From the decreasing condition (17) we then obtain

v, = 0 for any / > k.

In this case, we will set the not yet defined values
of the variables x; to zeros.

From the decreasing condition of v, values (17)
and the fact that 0 < v; < 1, it follows from (19) that
conditions (18) are satisfied, which means that a
solution to the MP* problem has been constructed.
The theorem is proven.

Remark 3.

If in condition (16) we replace the decrease > of
the values of the variables v; with their increase <,
then the statement of the theorem is also true.

Note that here we have obtained a construction of
the immersion of a convex polyhedron into the
solution set of a bilinear problem of multilinear
programming.

Now we can obtain an analogue of the estimate of
criterion (13) of the multilinear problem from
Corollary 1, but with a different direction of
inequalities.

Corollary 2.

Under the conditions of Theorem 1, we will
denote the minimum and maximum of the criterion of
the linear LP** problem by
LIN.:n and LINy .

we will also denote the minimum and maximum
of the criterion OBJ of the multilinear MP problem*
by

OB]min and OB]max~
Then the following estimates are valid
LINpax < OBmax .
OB]min < LIN;I.*LTI
(20)
Corollary 3.

Let us assume a multilinear problem consisting of
linear combinations of monomials of the form (16)
and n=3. Then the compatibility of the associated
linear problem implies the compatibility of the



multilinear problem. Indeed, the conditions of

Theorem 1 are satisfied here.

7 CONCLUSIONS

A matrix representation of a multilinear model allows
its digital description to be obtained in a visual, user-
friendly form. It allows for the description of an entire
family of multilinear models within a single matrix
structure and the easy transition from one model to
another within the family. From a digitalization
perspective, the matrix representation allows for the
structuring of the model description and the creation
of a model database.

A multilinear model covering design is proposed
that allows for the construction of linear models from
nonlinear models. The advantage of this design is the
availability of more efficient methods for model
analysis. In particular, it enables the use of linear
optimization to obtain estimates of various
characteristics of the original nonlinear models.
Situations where it is possible to reverse-engineer a
linear model into a multilinear one were also
identified. This allows one to solve the problem of
finding a feasible solution to the original nonlinear
and nonconvex programming problem. The proposed
approach allowed us to identify the range within
which the multilinear model criterion is guaranteed to
change.
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