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The paper proposes an algorithm for inverting the characteristic functions obtained when solving actuarial

problems of risk insurance. The algorithm is based on calculating the sequence of moments of the desired
distribution, which coincides with the desired distribution in the sense of a set of moments. From a technical
point of view, the algorithm is implemented by performing a number of linear algebra procedures.

1 INTRODUCTION

In a significant number of risk insurance tasks, it is
advisable to calculate the total insured damage in
terms of characteristic functions. The preference for
using the apparatus of characteristic functions is due,
firstly, to the simplicity of implementing the
operation of summing independent random variables,
which is associated with a rather cumbersome
operation of collapsing the distributions of terms (in
terms of characteristic functions, this operation is
reduced to multiplying the characteristic functions of
terms), and secondly, to the need to take into account
the discount factor in a number of tasks of risk
insurance, ensuring bringing lump sum payments
(receipts) to a single - Taking into account the
influence of the discount factor in terms of
characteristic functions turns out to be significantly
simpler than in terms of distribution functions.

In a number of tasks solved using the
accumulation model to describe the total insured
damage caused to objects (persons) insured in a given
company, the use of characteristic functions allows us
to obtain a solution in a closed form. It can be
expected that in actuarial tasks of long-term life
insurance, an integral feature of which is the need to
take into account the discount factor, the use of
characteristic functions will be very effective.
Unfortunately, on the way to practical solution of

https://orcid.org/0009-0003-8055-6315
0 https://orcid.org/0009-0004-7449-563X
¢ https://orcid.org/0009-0008-5027-6693

430

actuarial problems of risk insurance in terms of
characteristic functions, there is a difficulty
associated with the conversion of the obtained
characteristic function, that is, finding a distribution
function that has as a characteristic function the
characteristic function obtained in the process of
solving the problem.

Since the expression of the characteristic function
obtained by solving the problem itself often turns out
to be set algorithmically, that is, in the form of a
computational algorithm implemented by computer
means, and, consequently, the conversion procedure
cannot be performed analytically, we can only talk
about numerical methods of inverting characteristic
functions. Here it is necessary to make a reservation
regarding the formula of reversal of characteristic
functions known in probability theory. Using the
inversion formula to determine the distribution
function corresponding to a given characteristic
function is very, very difficult. The use of well-
known quadrature formulas of the Stieltjes integral,
or algorithms of the Riemann integral built into the
software package when implementing the conversion
formula, leads to the appearance of high-frequency
components as a result of calculations that cannot be
physically interpreted and do not allow practical use
of the results of the conversion procedure. The
situation would be hopeless and the application of the
apparatus of characteristic functions would remain
nothing more than a purely theoretical scheme for
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solving problems if the characteristic function found
in a procedural and algorithmic form did not make it
relatively easy to calculate moments of any order of
the desired distribution function. Here the following
fundamental possibility arises for calculating the
distribution function corresponding to a given
characteristic function: on the one hand, the
characteristic function uniquely determines the
values of moments of any order.

1
pr =—limp®™ (W) (r=0,1,2..) €)
1" u-0

On the other hand, the sequence of moments
U (r=0,1,2..), as proved in the theory of
mathematical statistics, determines the distribution
function in the only way F(x). The corresponding

theorem states that if for some ¢ > 0 series Zf:o%'

c¢” converges absolutely, then the set of moments
U (r=0,1,2..), corresponds to a single
distribution function F(x). Unfortunately, the theory
of this issue only asserts the existence of a single
distribution function corresponding to a given
sequence of moments, but does not provide
recommendations on how to find this distribution
function. Nevertheless, it follows from the theorem
that if, using one procedure or another, it is possible
to construct a certain distribution function F(x) using
a set of moments u,.(r=20,1,2..), then this
distribution function is, firstly, the only one, and
secondly, it is a reversal of the characteristic functions
pu).

Thus, the task of inverting the characteristic
function ¢@(u) was reduced to constructing a
distribution function F(x), the moments of which are
equal to i, (r = 0,1,2...). This paper describes the
procedure for constructing a distribution function
based on the totality of distribution moments,
assuming that this set of moments is determined using
the characteristic function, and thus, is devoted to the
practical solution of the problem of addressing a
certain class of characteristic functions that arise in
the tasks of risk insurance.

AN ALGORITHM FOR
CONSTRUCTING A
DISTRIBUTION FUNCTION
BASED ON A SET OF
MOMENTS

To start calculating the distribution function over a set
of moments u,. (r =0,1,2...), we assume that it is
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possible to represent the desired distribution function
as a series:

FO) = poh@ + ) peF 0G0, (@)

k=1

where Fo(k) (x) = k — multiple convolution of some
distribution function F,(x);
pe(k=0,1,2..) — weighting
determined;
h(x) — a single jump function (Heaviside function) of
the form

factors to Dbe

0if x <0;
h(x)_{lifx>0}' ®)

The choice of the distribution function Fj(x) and
the coefficients p,(k =0,1,2...) is based on the
condition that the moments of the function (2)
coincide with the moments (1) of the invertible
characteristic function @ (u).

Note here that the structure of the approximating
function (2) is quite similar to the well-known
accumulation model, however, unlike the
accumulation model, the distribution function Fy,(x)
will not be interpreted as a function of the distribution
of insured damage in a single insured event,
respectively, the coefficients p,(k =0,1,2...) will
not be interpreted as the probability of occurrence of
k insurance events.

Thus, expression (2) has only a formal
resemblance to the accumulation model and was
adopted for reasons of sufficiency of "degrees of
freedom" to ensure the identity of the moments of the
initial characteristic function and the approximating
distribution.

Since the choice of the distribution function Fy(x)
is not constrained by any restrictions, except for the
natural distribution Fo(k) (x) p(k=0,1,2..), and
the corresponding moments of these convolutions.
These considerations naturally lead to the choice of
the following as the Fy(x) gamma distribution

Fo(x) = E,(x; a, B), 4)
where  F,(x;a,B) — the gamma distribution
function defined by the expressions

X
Reap) = [ poiapdy
0
0ify<0;
py(y; a,p) = “ a-1,-py ; <0’ (5)
T ¢ ify<o;

where p, (y;a,B) — the density of the gamma
distribution (& > 0; § > 0).

The choice of a distribution function of the form
(4), firstly, due to the well-known properties of
gamma distributions, makes it easy to find
convolutions of any multiplicity, implemented using



standard (built-in) functions of well-known software
and mathematical packages

k
E" = E,(x; ka, B), (6)
Secondly, it makes it easy to calculate moments
of any order

My = f x"p, (x; ka, B)dx =
0

) ﬁka o
ZJ;) X mx dx = (7)
Y
= W(TIO,LZ...)

I'(ka)

where I'(@) is a gamma function defined by an
Euler integral of the form I'(a) = fooo z% le~?dz.

Using the introduced notation, we reformulate the
task set above. To this end, we will assign a vector of
its moments to each distribution function
F,(x; ka, ), so that the r-th coordinate of this vector
is expressed by formula (7).

Further, by virtue of formula (2), the r-th moment
of the approximating function is determined by the
expression

= f “xrd [poh(x) + ) pekY (x)] ®)
0 k=1

- =
= Z Pk Vyrk
k=1

where vy, = fy.

Now let's make up a system of equations defining
unknown parameters p (k = 1,2 ...). Note that the
value of the weighting coefficient for the Heaviside
function p, is equal to a constant in the expression of
the characteristic function (in particular, if there is no
such constant, then p, = 0.

Equating the expressions of the moments of the
approximating distribution (8) to the values of the
moments of the initial characteristic function (1), we
obtain a system of linear equations with respect to the
parameters p;, (k =1,2...)

[oe]

Z Vol = e (r=0,1,2...) ©9)
k=1

Thus, the problem of inverting a characteristic
function was formally reduced to a fairly simple
mathematical problem - solving a system of linear
algebraic equations. However, from a practical point
of view, the situation is not so simple. First, the
system of equations (9) is infinite-dimensional. For
its practical solution, it is necessary to limit its order,
that is, to keep in formula (2) a finite number of terms
"n". However, even in this case, a situation is quite
real when the system of equations (9) turns out to be
poorly conditioned, that is, its main determinant turns
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out to be close to or equal to zero. This situation will
occur if the subspace L formed by the vector system
ﬁyk does not have the property of completeness. The
incompleteness of the subspace L means the existence

of such vectors of moments V in the space R,,, where
n is the dimension of the vector of moments along
which it is assumed to ensure the coincidence of the
initial characteristic function and the approximating
distribution (2), which cannot be obtained as a linear
combination of vectors of the subspace L, that is,
vectors ¥, (k =1,2..1n).

To avoid such a dead end situation, it is necessary
to reformulate the problem of constructing an
approximating distribution (2) as some kind of
approximation problem in the space of moments. To
this end, we consider n vectors ¥ (k =1,2...n)
and construct an orthogonal basis consisting of a set
of pairwise orthogonal vectors. Here, the
orthogonality of vectors is understood in the
traditional sense: n-dimensional vectors X and Y are
considered orthogonal if their dot product is zero, that
is

n
(£,7) = Z XY, = 0 (10)
k=1

The orthogonal basis is constructed using the
well-known process of orthogonalization in linear
algebra and functional analysis.

Let's say

Wy = I_7)1/1 (11)

Next, we calculate the coefficient in a linear

combination
Wy = la1Ty1 + Uy (12)

from the condition of orthogonality of vectors W,

and W,, that is
Wy, Wh) = 1121(17;/1'171/1) + (1_7)1/1'171/2) =0 (13)

Where from
_ (ﬁyl' 1_7)1/2)
o1 = —7o—>

Uy1, Uy )

The further process of orthogonalization of the

basis vectors is based on the recurrent formula

(14)

k
W = Z Aewbyp (k=1,2..), (15)
v=1

where the coefficients p,q, yp o fly,—1  are
determined from the orthogonality conditions of the
vector set of vectors Wy,; (j = 1,2 ...v — 1). We have
(WVW V—l;]/i) = (1_51/17' ﬁyi) + 2:1]];11 #Vj (V_l;yv' V—l;yi) =0
(=1, 2...v — 1), from where, taking into account the
orthogonality of the vectors w),; and w,; for all i, j <
vand j # i, we get



GELDY (16)
(W, Wy ;)

The described process of orthogonalization of the
basis of vectors U, (k =1,2..n) allowed us to
construct an orthogonal basis Wy, (k = 1,2 ...n;)
isomorphic to the original basis L. Generally
speaking, the number of vectors of the orthogonal
basis may not coincide with the number of vectors in
the original basis L. In the special case, when the
vectors forming the initial basis L are linearly
independent, the equality n; = n holds. Otherwise ,
the equality n; < n is valid, that is , the dimension of
the orthogonal basis is less than the number of vectors
in the original basis L.

The orthogonal basis L, has the same remarkable
property that an arbitrary vector 170 in n-dimensional
space R, can be optimally approximated by the
following combination of vectors of the orthogonal

Hypj = — =12..v—-1)

basis:
ni
V= mn (17)
k=1
(Vo.Wyk)
h =—X (k=1,2..ny).
where p;, o0 ( ny)

The approximation V of the vector V found by
formula (17) is the best in the sense of minimizing the
deviation from the norm of the n-dimensional space
R,. Assuming that procedure (11)-(16) establishes a
correspondence between the elements of the initial
basis L and the elements of the orthogonal basis L,
we establish an explicit relationship between the
vectors of the orthogonal basis Ly and the initial basis
L.

3 RESULTS AND DISCUSSIONS

An analysis of the recurrence relations of the
orthogonalization process suggests that the desired
relationship has the form

k

Wyk = Zlkvﬁyv (k = 1,2 )

Let's construct recurrence relations describing the
change in weight factors 4y, as the basis expands.

Let the orthogonalization procedure be performed
for k vectors included in the basis L. Then the
expansion of adding a vector to the basis ¥ 4
means the following transformation of the orthogonal
basis: another vector of the form is added to the
existing vectors W, (v = 1,2...k)

(18)
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k

Wy,k+1 = ﬁy,k+1 + z .uijyj
j=1
After substituting formulas (18) into expression
(19), we arrive at the following relation:

Wyk+1 = Vyg+1 + Z Hvj Z AjnVyn  OT
j=1 j=1
Kk Kk
— - -
Wyks1 = Vyker T Z Z HicjAjn Vyn

]':1 n=1
After changing the order of summation, we come
to the formula

kK k
Wyk+1 = Vyk+1 T Z z Hiej Ajn Vyn

n=1k=1
Comparing formulas (18) and (21), we arrive at

the following recurrence relation:
k

(19)

(20)

(21

s = {2 2 b TVSE )
j=1n=1
lifv=k+1
where the coefficients u,; (j = 1,2 ..v — 1) are

calculated using formulas (16). To consistently
calculate the coefficients A, using formulas (22),
their initial values from formula (12) should be taken
into account, that is 1,; = Uy, 45, = 1, where p,, it
is calculated by the formula (14).

If we take approximation (17) as some best
combination of vectors of the orthogonal basis in the
space of moments of distributions, then the
correspondence of vectors of the orthogonal basis
with the initial one established by formula (18) allows
{ﬁyk (k=12 n} to write the achieved result in
terms of the initial basis

ni ni k
‘70 = Z pkWyk = Z Pk z Akvﬁyv (23)
k=1 k=1 v=1

Changing the order of summation in the formula,
we transform expressmn (23) to the form

ny ng
VO - Z pkWyk - z Z pk)lkvvyv (24‘)
v=1k=v
In formula (24) we introduce the notation
a, = Z Py W =1,2..1n9) (25)
k=v
Now formula (24) takes the form
ni
Vo= ab (26)

v=1
A comparison of formulas (17) and (26) allows us
to conclude that the weighting coefficients p, (v =
1,2 ...) introduced above and the parameters a,, (v =



1,2...) determined by formulas (25) are identical.
Thus, the unknown parameters p, (v = 1,2 ...1n;) in
the expression of the approximating function (2) are
determined by the formulas

n
Po= ) Pk (0= 1,2.m,) @7
k=v

4 CONCLUSIONS

When solving the problems of risk insurance, the best
solution is to use characteristic functions. This is due
to their ability to simplify complex operations. First,
the summation of independent random variables,
which is a cumbersome convolution process when
working with distributions, reduces to simple
multiplication in terms of characteristic functions.
Secondly, taking into account the discount factor
necessary to bring future payments to a single value
is greatly facilitated by using characteristic functions,
unlike traditional distribution functions.

The derived mathematical function is particularly
effective in calculating life insurance, where
discounting plays an important role. Life insurance
gives a person financial security and confidence in the
future, so this service will always be in demand and
relevant.
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